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Abstract-The concept of numerical range has been applied in finding a more general existence and 
uniqueness theorem for the solvability (approximation-solvability) of nonlinear functional equations. 
1. INTRODUCTION 
It seems that Zarantonello [l] first defined the numerical range of nonlinear operators in the setting 
of a Hilbert space, and established a connection between the numerical range and spectrum. As a 
byproduct of this connection, he developed a constructive technique for solving related functional 
equations. In this paper, we introduce a more general and application-oriented numerical range 
with similar properties to that by Zarantonello and examine the role of this numerical range in 
the solvability (approximation-solvability) of nonlinear functional equations. For a more detailed 
account on the approximation-solvability, see [2-71. 
We consider an approximation scheme {X, X,, E, , P,} represented by the following diagram: 
XA’ 
Pm Em IT 
x, 5 
X 
1 pm 9 A, = P,,AE,,, (1) 
& 
and consider the corresponding operator equation 
Ax = b, 2 E x, (2) 
along with the approximate equations 
P,, AE, x,, = P,,b, % E x,, II= 1,2,... (3) 
Let us make the following assumptions for the approximation scheme {X,X,, E,,, P,,) repre- 
sented by the diagram (1): 
ASSUMPTION (Al). X is a separable Hilbert space over field K (real or complex) with dimX = 
00, and (ei) is a complete orthonormal system in X. Let the subspaces 
XVI = span{el ,...,ed, n= 1,2 ,*** 
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Let P,,: X + X, be an orthogonal projection operator from X onto X,,, i.e., 
n 
P, x = C(x,ei)ei, 
id 
ihere z = C& (z, ei)ei for all z E X, and (., .) is the inner product on Hilbert space X. Let 
n : X,, --+ X be the embedding operator corresponding to X,, c X, i.e., E, x,, = x,, for all 
xn E x,. 
ASSUMPTION (A2). The operator A : X --, X is continuous and strongly stable, i.e., for d > 0, 
we have 
I(& - AZ, Y - %)I 3 dlly - %112 forally,zEX. 
Thus, under the assumptions (Al) and (A2), the approximation scheme {X,X,,, E,,, P,,} 
represented by the diagram (1) is an admissible inner approximation scheme in the sense 
of [7, Definition 34.21. We need the following lemma for our main results. 
LEMMA 1.1. [7, Th eorem 34.A] If the approximation scheme {X,X,,, En, P,,} is an admissible 
inner approximation scheme with consistency and stability, and if the operators A,, : X, + X, 
are continuous, then the equation Ax = b, x E X, is uniquely approximation-solvable iff the 
operator A is A-proper. 
D1.2 NUMERICAL RANGE. For an operator A : X -+ X on Hilbert space X 
numerical range of A, denoted by V[A], is defined as the set 
V[A] = (Ax,x)+(Ay-Az,Y-4 : x y,tEX 
1141” + IIY - %112 ’ ’ 
y#z . 
Clearly, VfAf is a subset of K. This numerical range has similar properties 
range N[A], defined by Zarantonello [l] as 
over field K, tbe 
to the numerical 
N[A] = 
(AY-AGY-4 
IlY - %112 
: y,zEX, Y#% 
> 
- 
The numerical range V[A] coincides with l?[A] when x = 0. When A is a linear operator, V[A] 
coincides with the usual numerical range W[A] for y - z = X. 
We are just about ready to write our main results. 
2. MAIN RESULTS 
The following theorem gives the elementary properties of the numerical range V[A]. 
THEOREM 2.1. Let A : X -+ X and B : X -+ X be operators on Hilbert space X, and (Y E K 
(real or complex field). Then 
(i) V[(rA] = aV[A]; 
(ii) V[A+ B] c V[A] + V[B]; and 
(iii) V[A - (~fl= V[A] - (a}. 
In the following theorem, we discuss the solvability (approximation-solvability). 
THEOREM 2.2. Let operator A : X + X be continuous on a separable Hilbert space X over 





d = inf {IA - /II : p E V[A]} > 0. 
(dimX c co) for each b E X, the equation 
Ax-Xx=b 
has a unique solution; and 
(dimX = oo) for each b E X, the equation 
Ax-Xx=b 
is uniquely approximation-solvable. 
Bole of numerical range 
COROLLARY 2.3. Under the assumptions of Theorem 2.2, we have 
(a) the inverse operator (A - XI) ml : X + X is Lipschitz continuous, i.e., 
ll(A - X1)-l u - (A - XI)-’ ~11 5 d-‘llu - ~11 for dlu, VEX; and 
(b) ifA(0) = 0, then V[A] contains the eigenvalues of A. 










E. Zarantonello, The closure of the numerical range contains the spectrum, Bull. Amer. Math. Sot. 70 (l), 
781-787 (1964). 
F.E. Browder and W. Petryshyn, Approximation methods and the generalized degree for nonlinear mappings 
in Bausch spaces, J. Functional Anal. 3, 217-245 (1969). 
K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, New York, (1985). 
M.A. Krasnosel’skii, G.M. Vainikko, P.P. Zabreiko, Ya.B. Rutitskii and V.Ya. Stetsenko, Approzimalion 
Solrrtion of Operator EquaGonr, English nanslation, Walters-Noordhoff Pub., Groningen, (1972). 
W. Petryshyn, On the approximation-solvability of equations involving A-proper and pseudo-A-proper 
mappings, Bull. Amer. Math. Sot. 81 (2), 223-312 (1975). 
I.G. Rosen, Convergence of Galerkin approximation for operators Riccati equations-A nonlinear evolution 
equation approach, J. Math. Anal. Appl. 155, 226-248 (1991). 
E. Zeidler, Nonlinear Funciional Analysis and itr Applicaiions II/B: Nonlinear Monotone Operalorr, 
Springer-Verlag, New York, (1990). 
